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In this paper we investigate the case of non-minimal coupling in the (extended) nonlinear massive
gravity theories. We first consider massive gravity in the Brans-Dicke background such that the
graviton mass is replaced by A2(σ)m where σ is the Brans-Dicke field and A(σ) is conformal coupling
and show that there is no viable thermal history of the universe in this case. We then invoke a cubic
galileon term as nonlinear completion of the σ Lagrangian and show that there is a stable de
Sitter solution in this case. However, the de Sitter is blocked by the matter phase which is also a
simultaneous attractor of the dynamics. The de Sitter phase can, however, be realized by invoking
unnatural fine tunings. We next investigate cosmology of quasi-dilaton nonlinear massive gravity
with non-minimal coupling. As a generic feature of the non-minimal coupling, we show that the
model exhibits a transient phantom phase which is otherwise impossible. While performing the
observational data analysis on the models, we find that a small value of coupling constant is allowed
for quasi-dilaton nonlinear massive gravity. For both the cases under consideration, it is observed
that we have an effective pressure of matter which comes from the constraint equation. For mass-
varying nonlinear massive gravity in the Brans-Dicke background, the effective pressure of matter
is non zero which affects the evolution of the Hubble parameter thereby spoiling consistency of the
model with data. As for, quasi-dilaton nonlinear massive gravity, the effective pressure of matter
can be kept around zero by controlling the coupling constant, the model is shown to be fit well with
observations.
PACS numbers: 98.80.-k, 95.36.+x, 04.50.Kd
I. INTRODUCTION
There is an alternative thought in cosmology that
late time cosmic acceleration is not to due dark en-
ergy but is rather caused by the large scale modification
of Einstein theory of general relativity (for review one
can see [1–4]). A modified theory of gravity should
essentially reduce to the Einstein theory along with
some extra degree(s) of freedom. These degrees of free-
dom directly couple with matter and might violate local
physics where the Einstein theory is an excellent agree-
ment with observations and thereby need to be screened
out. There are two mechanisms of hiding the extra de-
gree(s) of freedom depending upon whether the degrees
of freedom are massive or massless. Chameleon screen-
ing [5, 6] relies on the fact that the mass of the field(s)
representing the extra degree(s) becomes environment
dependent such that the field acquires a large mass in
high density regime escaping its detection locally. In
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case of massless field(s), screening is achieved using the
Vainshtein mechanism [7] which operates through ki-
netic suppression which is a nonlinear phenomenon.
In chameleon supported theories, mass screening to
the required accuracy leaves no scope for large scale
modification to be cause of cosmic acceleration. The
Vainshtein screening naturally arises in galileon field
theory which involves non linear completion of the free
scalar field. Galileons [8–10], in four dimensions, are the
reprehensive of the Lovelock structure [11] and thereby
ghost free. They occur in nonlinear massive gravity in
the decoupling limit.
Massive gravity provides with a novel large scale
modification that could account for late time cosmic ac-
celeration. Indeed, the Newtonian potential for a static
source with mass M is given by GMe−mr/r in case the
gravitational force is mediated by graviton with mass
m. The graviton mass should be typically of the order
of H0 such that the modification is felt only at large
scales. The introduction of mass gives rise to the weak-
ening of gravity at large scales− an effect which can
be mimicked by cosmological constant in the standard
lore. It is certainly a novel perspective that cosmologi-
cal constant gets related to mass of graviton in massive
gravity.
A linear theory of massive gravity was formulated
2by Pauli and Fierz in 1939 [12] with a motivation to
write down the consistent relativistic equation for spin-
2 field. The theory, however, suffers from the van
Dam-Veltman-Zakharov (vDVZ) discontinuity problem
[13, 14]. It was pointed out by Vainshtein that the lin-
ear approximation is violated for a massive body. The
problem of discontinuity is solved putting the theory in
the non linear background but a ghost known as the
Boulware-Deser (BD) ghost kicks in [15]. This results
sounds like a no go theorem and it took many years to
overcome the problem. The nonlinear theory of massive
gravity which is ghost free with the Vainshtein screening
in built is known as the de Rham, Gabadadze, Tolley
(dRGT ) [16, 17] (for a review one can see [18]). This
theory is a consistent generalization of Pauli-Fierz the-
ory in nonlinear background. It was shown by Hassan
and Rosen [19] that the Hamiltonian constraint is main-
tained at the nonlinear order along with the associated
secondary constraint, which implies the absence of the
BD ghost.
It looks at the onset that we should be able to
formulate the Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) cosmology in massive gravity. However, leav-
ing the problem of superluminality aside which an es-
sential feature of any ghost free nonlinear massive grav-
ity [20], cosmological solutions in the dRGT theory
have been examined in Refs. [21, 22], and also it turns
out that the FLRW cosmology is absent in the dRGT
[23]: The spatially flat geometry does not exist and
the other two branches, K ± 1 are unstable [24], where
K is the spatial curvature, except the case that a par-
ticular frame is taken to enhance the symmetry [25].
Let us note that the dRGT admits inhomogeneous and
anisotropic stable backgrounds [23, 26–29], and that
this fact may be interesting in view of the recently ob-
served large anisotropy in radio data(see [30] and refer-
ences therein).
However, if we want to retain the standard frame-
work, we need to modify the dRGT to reconcile with the
homogeneity and isotropy. Perhaps the simplest way
out could be to replace the mass of graviton by a field
dependent quantity a la mass-varying massive grav-
ity [31–35] and quasi-dilaton nonlinear massive grav-
ity [36, 37]. Though we have a self accelerating solu-
tion in mass-varying massive gravity, the massive grav-
ity dominated era is an intermediate state and the late
time cosmic acceleration caused by the quintessence ef-
fect [33–35]. On the other hand, in the quasi-dilaton
nonlinear massive gravity, the late time cosmic acceler-
ation comes from the massive part in the Lagrangian
such that the massive gravity dominated era is an at-
tractor of the dynamics [36, 37]. In this setting, there
is an underlying symmetry and the graviton mass be-
comes a function of dilaton, σ. The model has interest-
ing cosmological features, in particular, it has de Sitter
solution as an attractor of the dynamics and a viable
matter dominated regime. In this scenario, things are
arranged in such a way that σ does not directly couple
to matter in the Einstein frame. However, the model
suffers from the ghost instability [38, 39] which signifies
that the FRW background itself is unstable. Efforts
have recently been made to develop a consistent ex-
tended quasi-dilaton massive gravity [40, 41] free from
ghosts but with the same background dynamics as in
the original framework. Efforts were also made to see
the cosmology by coupling DBI galileon to the massive
gravity [42, 43]. Though this model is ghost free [42]
it does not posses flat FLRW solution [43, 44]. Cos-
mological perturbations in dRGT and extended dRGT
have also been seen in Refs. [29, 38, 39, 43, 45–47].
Moreover, we mention that non-minimal couplings in
massive gravity have been investigated in the context
of bimetric gravity [48]. This consideration has also
been generalized to multigravity in Ref. [49]. Apart
from this, many works have been done on bimetric and
multimetric gravity [50–58]. Furthermore, tunneling ef-
fect between vacua [59] and an application to quantum
cosmology [60] have been studied.
In this paper, we investigate cosmological dynamics
of extended massive gravity models with non-minimal
coupling. We organize the structure of the paper as fol-
lows. In Section II, we study cosmological behavior for
different cases of mass-varying nonlinear massive grav-
ity in presence of non-minimal coupling. In sub sec-
tions IIA & IIA 1, we discuss the decoupling limit and
the Vainshtein screening for the action (1). Cosmology
based upon the action (1) complimented with the cu-
bic galileon Lagrangian is discussed in sub section II B.
In section III, we investigate cosmological dynamics of
non-minimally coupled quasi-dilaton nonlinear massive
gravity. Sub section III C is devoted to study of obser-
vational constraints on the model parameters. Finally,
in section IV, we summarize our results. In Appendix,
we present the method used to do the data analysis
using the χ2 minimization method.
II. NON MINIMAL COUPLING AND
MASS-VARYING MASSIVE GRAVITY
Let us consider the following action in the Einstein
frame
SE =
∫
d4x
√−g
[M2Pl
2
R− 1
2
gµν∂µσ∂νσ − V (σ)
− m
2M2Pl
4
A4 (4U2(K) + α3U3(K) + α4U4(K))
]
+
∫
d4x
√−gLm(A2gµν , ψ) , (1)
where g˜µν is the Jordan frame metric related to the
Einstein frame metric gµν by the relation
g˜µν = A
2(σ)gµν . (2)
3Here A2(σ) is the conformal factor relating the two met-
rics of the two frames. For simplicity we assume the
coupling β = −MPl (d lnA/dσ) to be constant. This
leads to
A(σ) = e−βσ/MPl , (3)
where MPl is the reduced Planck mass. In the action
(1) m is the graviton mass, σ is a scalar field and V (σ)
is the potential of the σ field. In the mass term we
have a coupling between the dilaton field and the mas-
sive gravity. Due to the conformal factor the mass of
the graviton m in pure dRGT is replaced here by the
term mA2(σ) giving rise to a mass-varying nonlinear
massive gravity action which can possibly give a viable
cosmology.
The functions Ui (i = 2, 3, 4) are given by
U2(K) = 1
2!
εµα..ε
νβ..KµνKαβ = [K2]− [K]2 , (4a)
U3(K) = 1
1!
εµαγ.ε
νβδ.KµνKαβKγδ = −[K]3 + 3[K][K2]− 2[K3] , (4b)
U4(K) = 1
0!
εµαγρε
νβδσKµνKαβKγδKρσ = −[K]4 + 6[K2][K]2 − 8[K3][K]− 3[K2]2 + 6[K4] , (4c)
where [K] = gµνKµν , [K2] = KµνKνµ, [K3] = KµνKναKαµ
and [K4] = KµνKναKαβKβµ. The matrix Kµν has the fol-
lowing form
Kµν = δµν −
√
gµα∂αφa∂νφbηab (5)
where a, b ∈ (0, 1, 2, 3) are internal indices, ηab =
diag(−1, 1, 1, 1) and φa are the four Stu¨ckelberg scalars
introduced to restore general covariance [61].
It would be instructive to cast the action (1) in the
Jordan frame
SJ =
∫
d4x
√
−g˜
[M2Pl
2
R˜Ψ
− M
2
Pl
2
ωBD(Ψ)
Ψ
g˜µν (∂µΨ∂νΨ)−Ψ2V (Ψ)
− m
2M2Pl
4
(
4U2(K˜) + α3U3(K˜) + α4U4(K˜)
) ]
, (6)
where the quantities with the tilde represent the corre-
sponding Einstein frame quantities in the Jordan frame
with ωBD as the Brans-Dicke parameter. The K˜µν ma-
trices are given by,
K˜µν = δµν −A(σ)
√
g˜µα∂αφa∂νφbηab ; and Ψ ≡ A−2 ,
(7)
which reduces to Kµν after using the conformal trans-
formation. It is observed that if we choose, β = −1,
the action (6) becomes same as the one in quasi-dilaton
nonlinear massive gravity [36] in the Jordan frame with-
out the potential V (σ). Now to make the coefficient in
front of the kinetic term of the σ field in the Einstein
frame 1/2 with a right sign, we need to have [62, 63]
ωBD =
1
2
[
1
2M2Pl(d lnA/dσ)
2
− 3
]
, (8)
the conformal factor(3) in case of which gives
ωBD =
1− 6β2
4β2
. (9)
Let us for simplicity omit the potential and notice
that if we choose β = 1/
√
6, kinetic term for σ field
would be absent in Jordan frame but would reappear
in the Einstein frame by virtue of conformal transfor-
mations. Then the Jordan frame action would be sim-
plified to
SJ =
∫
d4x
√
−g˜
[M2Pl
2
R˜e2βσ/MPl − m
2M2Pl
4
(
4U2(K˜)
+α3U3(K˜) + α4U4(K˜)
) ]
+
∫
d4x
√
−g˜Lm(g˜µν , ψ)
(10)
The latter is nothing but the massive gravity action
in the Brans-Dicke background. However, we shall
consider the generalized Brans-Dicke action (6). We
should go to the Einstein frame to diagonalize the Jor-
dan frame action at the cost of coupling to matter and
obtain (1). However, we replace the graviton mass with
a function of the σ field thereby allowing us to have the
FLRW cosmology, which is otherwise not possible to
be realized. The viability of cosmology should then be
checked.
A. Decoupling limit and the Vainshtein screening
The decoupling limit is a sort of high energy limit
such that the energy scales are much larger than the
4graviton mass
MPl →∞ , m→ 0 , Λ3 = (MPlm2)1/3 = fixed ,
Tµν
MPl
= fixed . (11)
Here, we mention that the ways of taking a decoupling
limit have also been investigated in Refs. [64, 65].
Secondly, we shall canonically normalize the fields:
hµν → 2hˆµν/MPl, pi → pˆi/m2MPl and ignore the he-
licity 1 field, they get decoupled from matter in this
limit. One defines the covariant tensor Hµν as Hµν =
gµν − ∂µφa∂νφbηab. From this expression, we find
gµν = ηµν +
2hˆµν
MPl
= Hµν + ∂µφ
a∂νφ
bηab. (12)
The canonically normalized helicity-0 graviton pi is de-
fined as φa = δaµx
µ − ηaµ∂µpˆi/Λ33, which yields
Hµν =
2hˆµν
MPl
+
2Πµν
Λ33
− Π
2
µν
Λ63
, (13)
where Πµν = ∂µ∂ν pˆi, Π
2
µν = ΠµαΠ
α
ν and Π = Π
µ
µ.
In the decoupling limit, only the linearized term sur-
vives from the Einstein-Hilbert action; the σ field ki-
netic term remains unaffected. The total derivative
terms do not disappear from the description because
they now figure with σ and we have the first order
interactions containing the galileon terms. In the ac-
tion (1), in decoupling limit, we imagine e−4βσ/MPl ≃
1 − 4βσ/MPl in the mass term. The first term in de-
coupling limit would provide the interaction term plus
the total derivative. The latter has no effect on dynam-
ics. However, the total derivative term multiplied by
σ (coming from the second term of exponential expan-
sion) has dynamics. Thus, we obtain
Ldc = 1
2
hˆµν(E hˆ)µν − 1
2
∂µσ∂µσ
+ 2hˆµνΛ33
[
2X(1)µν +
(3α3 + 4)
4
X(2)µν +
(α3 + 4α4)
4
X(3)µν
]
+ βσ
[
4
U2(Π)
Λ33
+ α3
U3(Π)
Λ36
+ α4
U4(Π)
Λ93
]
+
2
MPl
hˆµνT
µν , (14)
where the action of the Einstein operator on a symmet-
ric object Zαβ is given by
(EZ)µν =Zµν − ηµνZ − ∂µ∂αZνα − ∂ν∂αZµα
+ ∂µ∂νZ + ηµν∂
α∂βZαβ ≡ Eαβµν Zαβ . (15)
Here we have used (following [16, 18])
δ
δhµν
(√−gUn) |hµν=0 = X¯µν(n)
≡ Λ33
∑
n≥2
αn
(
X(n)µν + nX
(n−1)
µν
)
, (16)
where
X(n)µν =
1
Λ33
[
− nΠαµX(n−1)αν +ΠαβX(n−1)αβ ηµν
]
, (17)
which gives
X(1)µν = −
1
4Λ33
ε ..µα ενβ..Π
αβ , (18a)
X(2)µν = −
1
2Λ63
ε .µαρ ενβσ.Π
ασΠβρ , (18b)
X(3)µν = −
1
2Λ93
εµαργενβσδΠ
ασΠβγΠρδ , (18c)
with X
(0)
µν = 1/2 ηµν . Here we have also used the fact
that X
(n)
µν = 0 for all n ≥ 4. We notice that the next
term in the expansion containing σ/MPl would vanish
in the decoupling limit. Also notice that the factor
M2Pl/4, which one gets expanding the Einstein-Hilbert
action to the quadratic level, is taken care of by the
field redefinition in the first term of the action.
The action (14) can be partially diagonalized through
a linear conformal transformation. Since hˆµνX
(3)
µν can-
not be diagonalized by any local transformation, we
remove this term by choosing its coefficient to be equal
to zero as α3 = −4α4. As for the conformal transfor-
mation
hˆµν → hˆµν + 2pˆiηµν + 2 D
Λ33
∂µpˆi∂ν pˆi ; D = −(1− 3α4) ,
(19)
that we make on the action (14) in sequence, we notice
the following
Eαβµν Zαβ = −4Λ33X(1)µν , Zαβ = pˆiηαβ , (20a)
Eαβµν Zαβ = 2Λ63X(2)µν , Zαβ = ∂αpˆi∂β pˆi , (20b)
pˆiηµνX(1)µν =
3
2Λ33
pˆipˆi = − 1
4Λ33
εεΠ . (20c)
The decoupling limit Lagrangian finally acquires the
form
5Ldc = 1
2
hˆµν(E hˆ)µν − 1
2
∂µσ∂µσ − 2pˆiεεΠ+ 4D
Λ33
pˆiεεΠΠ− 2D
2
Λ66
pˆiεεΠΠΠ+ βσ
[
2
Λ33
εεΠΠ− 4α4
Λ36
εεΠΠΠ+
α4
Λ93
εεΠΠΠΠ
]
+
2
MPl
hˆµνT
µν +
2
MPl
pˆiT +
1
MPl
2D
Λ33
∂µpˆi∂ν pˆiT
µν , (21)
where εεΠ = εµ...ε
...
ν Π
µν , εεΠΠ = εµα..ε
..
νβ Π
µνΠαβ ,
εεΠΠΠ = εµαγ.ε
.
νβρ Π
µνΠαβΠγρ and εεΠΠΠΠ =
εµαγλενβρδΠ
µνΠαβΠγρΠλδ [36]. Here we have also
used ηµνεµενΠΠ = Π
µνεµενΠ by keeping in mind that
∂µX
(n)
µν = 0 and ∂µΠ
(n)
µν = 0 [18, 66].
Let us notice that all the terms appearing in the
above Lagrangian (21) belong to the class of galileons.
For instance, in the terms containing the product of
σ and U ′s, one of the differential operators from ∂∂pi
can be shifted to σ by means of integration by parts
thereby converting σU ′s into a corresponding galileon
Lagrangian.
1. Screening and local physics
The decoupling Lagrangian provides an accurate de-
scription of local physics a la the Vainshtein affect. It is
interesting to note that the direct coupling of σ to the
metric completely disappears in the decoupling limit;
the longitudinal mode of graviton pˆi alone directly cou-
ples to gravity. Hence σ has no direct impact locally
though σ is coupled to pˆi. However, the non minimal
coupling can have impact on large scales. As for the
local physics, we have to worry about the screening of
pˆi and in what follows we check the same.
The equations of motion for σ and pˆi which follow
from the Eq. (21) have the following forms
σ +
2β
Λ33
εεΠΠ− 4α4β
Λ63
εεΠΠΠ+
βα4
Λ93
εεΠΠΠΠ
= 0 , (22)
−4εεΠ+ 12D
Λ33
εεΠΠ− 8D
2
Λ63
εεΠΠΠ+
4β
Λ33
εεΣΠ−
12βα4
Λ63
εεΣΠΠ+
4βα4
Λ93
εεΣΠΠΠ = − 2
MP
T , (23)
where Σ = ∂µ∂
µσ. Since in this model the Einstein
frame metric is coupled to the σ field through conformal
coupling, the matter conservation equation gets mod-
ified here and it becomes ∂µT
µ
ν =
β
MPl
T∂νσ (here we
have used partial derivative because we are working in
the decoupling limit). Hence it is possible to think that
we can have another term in Eq. (23) coming from the
last term of the Eq. (21) due to the modified matter
conservation equation. However, in the modified mat-
ter conservation equation we have a term with the fac-
tor β/MPl, thanks to which the contribution from the
modified matter conservation equation will vanish in
the decoupling limit. Thus we do not have any contri-
bution in Eq. (23) from the conformal transformation.
Here we should note that again we have used the prop-
erty of X
(n)
µν that ∂µX
(n)
µν = 0.
For a static spherically symmetric source, T00 =
−Mδ(r)/r2, the above equations can be integrated and
eventually give rise to algebraic equations for pˆi′/r and
σ′/r as
λσ − 8β
(
λ2π − α4λ3π
)
= 0 , (24)
12λπ − 24Dλ2π + 8D2λ3π − 8βλπλσ + 12βα4λ2πλσ
=
(rV
r
)3
, (25)
where λπ = pˆi
′/Λ33r, λσ = σ
′/Λ33r, and rV =(
M/(m2M2Pl)
)1/3
is the Vainshtein radius.
Putting the value of λσ from Eq. (24) to Eq. (25), we
can have
12λπ − 24Dλ2π + 8
(
D2 − 8β2)λ3π + 160α4β2λ4π −
96α24β
2λ5π =
(rV
r
)3
. (26)
At distances much smaller than the Vainshtein radius
(r ≪ rv), keeping the highest non-linearity, we get
λπ ≃ −
(rV
r
)3/5( 1
96β2α24
)1/5
, (27)
⇒ pi
h00
∝
(
r
rV
)12/5
, (28)
where h00 is the gravitational potential which goes as
∼ 1/r and pi behaves as the potential for the fifth force.
Therefore from the last equation we can see that for
r ≪ rV , the gravitational potential dominates over
the potential responsible for the fifth force. Thus local
physics is restored here through the Vainshtein mecha-
nism [7] and we naturally get rid of the vDVZ discon-
tinuity [13, 14].
On the other hand, for r ≫ rV , the nonlinear effect
gets suppressed and the dominating term in Eq. (26)
becomes λπ. From Eq. (26), we find that the fifth force
pi′ ∼ r3V /r2. This means that beyond the Vainshtein
radius the fifth force behaves like the Newtonian grav-
itational force.
We also notice that at distances much smaller than
rV , the relation λσ ≃ λ3π informs us that the screening
of σ is much better than that of pi.
6B. Cosmology
The model under consideration (action (1)) is similar
to the mass-varying nonlinear massive gravity models
considered in Refs. [31, 33–35, 44], where it has been
shown that a non trivial flat FLRW solution can be
achieved. In the model under consideration, mass vary-
ing term is due to the conformal coupling of matter with
the field σ in the Einstein frame whereas in the origi-
nal mass-varying nonlinear massive gravity [31], mass-
varying term is related to the potential term which is
replaced with the mass squared in the Lagrangian. One
should also notice that in case of the action (1), the
limit β → 0 brings us to the original dRGT nonlinear
massive gravity, which has the problem of not having
any non-trivial flat universe solution. In our case also
the limit β → 0 gives the same problem. Here we will
study the effects of the non minimal coupling in models
of mass-varying nonlinear massive gravity. We would
first investigate the cosmological dynamics for the sys-
tem based upon the action (1) without the potential
term. Though it has been argued in Refs. [33–35] that
one needs an extra potential term other than the po-
tential which represents the graviton mass squares term
to have late time acceleration. In that case, the de Sit-
ter solution results from the extra potential term rather
than the mass of the graviton. However, in the model
under consideration, we have conformal coupling fac-
tor which modifies the matter continuity equation. It
would therefore be interesting to check whether the non
minimal coupling can change the situation. Next we
will check the impact of adding the cubic galileon La-
grangian (L3 = − 12 c3M3 (∇σ)2σ) in the action (1) with-
out the potential. We should emphasize that in galileon
theory, the cubic order Lagrangian cannot give rise to
the self accelerating solution in the standard framework,
and that one needs at least the fourth order galileon to
execute the task [67, 68]. Adding a potential to the
cubic order galileon Lagrangian may also give rise to
self acceleration [69]. Finally we will study the effect of
the non minimal coupling in cosmology analyzing the
action (1). In what follows we set up the necessary
equations considering the full action (1) along with the
cubic galileon action in the presence of matter and ra-
diation.
Let us suppose the spatially flat FLRW background
of the form
ds2 = gµνdx
µdxν = −N(t)2dt2+ a(t)2δijdxidxj , (29)
with N(t) a function of t, φ0 = f(t) and φi = aref x
i,
where aref is a reference scale factor which can be set at
very small values like . 10−9 to preserve the thermal
history of the universe [35]. Here in the choice of the
Stu¨ckelberg field we have taken an arbitrary constant
aref to avoid the inconsistency that we obtain at a = 1
by choosing φi = xi. Generally this type of an arbitrary
choice of the Stu¨ckelberg field is not possible [44] but
as argued in Ref. [35] we can take this ansatz for the
Stu¨ckelberg field as long as our fiducial metric is the
Minkowskian.
The spatial volume in action (1) can be integrated
out from the measure and we can rewrite the action as
S = M
2
Pl
2
∫
dt
[
− 6 a
N
a˙2 +
1
M2Pl
a3
N
σ˙2 +
3m2e−4βσ/MPla3
(
NF1(ξ)− f˙F2(ξ)
)]
− a3NV (σ)
− c3
M3
∫
a2a˙σ˙3
N3
dt+ Sm + Sr , (30)
where Sm and Sr are the matter and the radiation ac-
tions, respectively. Here matter is coupled with the σ
field which modifies the continuity equation of matter.
Varying the action (30) with respect to N and setting
N = 1 at the end, i.e, δS/δN |N=1 = 0, we find the
Friedmann equation
3M2PlH
2 =
σ˙2
2
+ ρm + ρr + ρmg + ρgal + V (σ) .(31)
By imposing the condition δS/δa|N=1 = 0, we ac-
quire another gravitational field equation(
2H˙ + 3H2
)
M2Pl = −
1
2
σ˙2 − pmg − 1
3
ρr − pgal + V (σ) ,
(32)
where ρmg, ρgal, pmg, and pgal are the energy densities
and pressures coming from the massive gravity part and
the cubic galileon Lagrangian, respectively, given by
ρmg=−3
2
m2M2PlF1(ξ)e
−4βσ/MPl , (33)
pmg=m
2M2Ple
−4βσ/MPl
(
F3(ξ) +
1
2
f˙F ′1(ξ)
)
, (34)
ρgal=− 3c3
M3
Hσ˙3 , (35)
pgal=
c3
M3
σ˙2σ¨ , (36)
where we have defined the following quantities for
convenience
ξ=
aref
a
, (37a)
F1(ξ)=(1− ξ) [4(2− ξ) + α3(1 − ξ)(4− ξ)
+4α4(1 − ξ)2
]
, (37b)
F2(ξ)=(1− ξ)
[
4 + 3α3(1− ξ) + 4α4(1− ξ)2
]
, (37c)
F3(ξ)=2
[
6(1− ξ) + ξ2]+ 3α3(1− ξ)(2 − ξ)
+6α4(1 − ξ)2 , (37d)
and the ′ represents the derivative with respect to
(w.r.t.) ξ.
The variation of the action (30) with respect to f(t)
yields a constraint equation
e−4βσ/MPlF2(ξ) =
C
a3
, (38)
7where C is an integration constant.
As for the field equation for σ, it has the following
form
σ¨ + 3Hσ˙ + 6βm2MPle
−4βσ/MPl
(
F1(ξ)− f˙F2(ξ)
)
− 3c3
M3
σ˙
(
3H2σ˙ + H˙σ˙ + 2Hσ¨
)
+ V ′(σ)
= − β
MPl
ρm . (39)
Now if we consider C 6= 0, then from Eq. (38), we
have the expression for σ˙ and hence we can define a
density parameter for the kinetic part of the σ field as
Ωσ =
1
96β2
(
F ′1
F2
)2
. (40)
We can also define a density parameter for the massive
gravity part and the cubic galileon term as follows
Ωmg=−1
2
m2
H2
C
a3
F1(ξ)
F2(ξ)
, (41)
Ωgal=
c3MPl
43β3M3
H2
(
F ′1
F2
)3
. (42)
Continuity equations of matter and radiation are
given by
˙ρm + 3Hρm=
β
MPl
σ˙ρm , (43)
ρ˙r + 4Hρr=0 . (44)
Equation (43) informs us that the evolution of mat-
ter density is modified by virtue of its interaction with
other components. Using Eqs. (38) and (43), we have
the following relation
˙ρm + 3Hρm
(
1 +
F ′1
12F2
)
= 0 , (45)
which implies that matter acquires an effective pressure
pm(eff) = ρm
F ′
1
12F2
with an effective equation of state
parameter wm(eff) =
F ′
1
12F2
. Hence due to the presence
of conformal coupling, matter phase does not have the
conventional equation of state; it has an effective non
zero pressure.
Next by differentiating Eq. (31) we have
H˙
H2
=− 1
2(1− Ωσ − 2Ωgal)
{
3Ωm
(
1 +
F ′1
12F2
)
+ 4Ωr
+Ωmg
[
3 + ξ
(
F ′1
F1
− F
′
2
F2
)]
+ ξ(2Ωσ + 3Ωgal)
×
(
F ′′1
F1
− F2
′
F2
)
− λ
4β
y2
F ′1
F2
}
, (46)
where
Ωm=
ρm
3H2M2Pl
, (47)
Ωr=
ρr
3H2M2Pl
, (48)
are matter and radiation density parameters and
y=
√
V√
3HMPl
, (49)
λ=−MPldV/dσ
V
. (50)
It would be convenient to express the the effective
equation of state parameter weff and the dark energy
equation of state parameter wDE, respectively, as
weff=−1− 2
3
H˙
H2
, (51)
wDE=
weff − 13Ωr
ΩDE
, (52)
where ΩDE is the dimensionless density parameter of
the dark energy components, i.e,
ΩDE = Ωσ +Ωmg +Ωgal + y
2 . (53)
In the following subsection, we shall discuss the cos-
mological dynamics of the model under consideration
using the above framework.
1. Evolution for c3 = 0 and V (σ) = 0
Let us first consider the action (30) without invoking
the potential and the galileon term. As we said earlier
that though the potential term is necessary to get the
de Sitter solution for mass varying nonlinear massive
gravity, we are here interested in to study the effect of
the conformal coupling on the cosmological evolution.
It would be instructive to cast the evolution equations
in the autonomous system by defining the dimensionless
variables ξ, Ωmg and Ωr as
dξ
d ln a
=−ξ , (54)
dΩmg
d ln a
=−Ωmg
[
3 + ξ
(
F ′1
F1
− F
′
2
F2
)
+ 2
H˙
H2
]
, (55)
dΩr
d ln a
=−2Ωr
(
2 +
H˙
H2
)
. (56)
Looking at the above equations, it is seen that for every
fixed points we have ξ = 0 such that at the fixed points,
Ωσ =
3
32β2 giving rise to β
2 ≥ 3/32. For estimates, we
shall take the generic value of β ∼ 1.
It should be noted that for β → 0, we find Ωσ →∞,
which means that we do not have viable cosmology.
8TABLE I. The critical points of the autonomous system (54)-(56), their existence conditions, the eigenvalues of the pertur-
bation matrix, and the stability conditions are given here. The numerical values of effective equation of state (weff) and
dark energy equation of state (wDE) are also included.
Cr.P. Ωr Ωmg ξ Ωm Ωσ weff wDE Existence Stability Eigenvalues
conditions
A 0 0 0 1− 3/32β2 3/32β2 −1/4 −8β2/3 β2 ≥ 3/32 Attractor −1, −3/4, −7/4
B 1− 3/32β2 0 0 0 3/32β2 1/3 1/3 β2 ≥ 3/32 Saddle −1, 1,7/4
C 0 1− 3/32β2 0 0 3/32β2 0 0 β2 ≥ 3/32 Saddle −1, −1, 3/4
This is obvious because in the limit β → 0, the model
under consideration reduces to the dRGT , which does
not support the spatially flat FLRW cosmology [23].
Let us note that in the Ref. [38], apart from the σ
field which defines the variable mass, the Stuckelberg
field f(t) is itself dynamical giving rise to a wider phase
space than the case under consideration. Critical points
and their nature of stability for the autonomous system
under consideration are written in Table I. The stabil-
ity analysis shows that massive gravity mimics matter
during the late time giving rise to an effective equation
of state parameter ωeff = −0.25 which is an attrac-
tor of the dynamics(see Table I). Critical point (A) in
the table is the only attractor in this case. This sta-
ble point corresponds to Ωmg = 0 and Ωm ≃ 1 (β ∼ 1).
The matter acquires here a slightly negative equation of
state due to its interaction with the other components
in the model.
Clearly we do not have dark energy solution in this
case. Fig. 1 confirms the stability nature of the fixed
point. All trajectories are seen converging towards the
point A. Fig. 2 shows the cosmological evolution of
the different components of the energy density. It also
shows that the massive gravity dominated era is an in-
termediate state and a saddle point. Fig. 3 also sup-
ports the results depicted in Table I and clearly shows
that during the late time, which is matter dominated,
the effective equation of state (weff) becomes −0.25 and
remains in that state since it is an attractor solution.
During the numerical analysis to keep Ωσ small we took
β = 3 to plot this phase-portrait. Our analysis shows
that conformal coupling alone can not ensure a viable
cosmology. We might look for other possibilities to cor-
rect this situation.
2. Evolution for c3 6= 0 and V (σ) = 0
We next examine the case for which c3 6= 0 but with-
out invoking the potential term. We again need to set
up the autonomous system which can be done by intro-
ducing one more dimensionless variable Ωgal to quantify
the contribution of the galileon term in addition to the
Point C
Point A
Point B
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
Wm
W
m
g
FIG. 1. Phase portrait for the dynamical system corre-
sponding t equations (54)-(56) is represented by trajecto-
ries in the Ωmg-Ωm plane for the parameter choice α3 = 1,
α4 = 1 and β = 3. Different trajectories are for different
initial conditions. All trajectories are seen to converge to
the point A which represents matter dominated era as an
attractor solution for the case we have considered. The fig-
ure also clearly shows that the massive gravity dominated
era is an intermediate era which is a saddle point.
variables considered in the previous subsection. Con-
sequently, we have the following evolution equation for
Ωgal,
dΩgal
d ln a
= −Ωgal
[
3ξ
(
F ′′1
F1
− F
′
2
F2
)
− 2 H˙
H2
]
. (57)
Here Eq. (57) along with Eqs. (54)–(56) will form the
autonomous system.
In this case, we can define the total dark energy den-
sity parameter as
ΩDE = Ωσ +Ωgal +Ωmg . (58)
9TABLE II. The critical points of the autonomous system (54)-(56) and (57), their nature of stability, the eigenvalues of the
perturbation matrix are given here. The values of effective equation of state (weff) and dark energy equation of state (wDE)
are also given.
Cr.P. Ωr Ωmg ξ Ωgal Ωm Ωσ weff wDE Stability Eigenvalues
D 1− 3/32β2 0 0 0 0 3/32β2 1/3 1/3 Saddle −1,1,7/4,−4
E 0 0 0 0 1− 3/32β2 3/32β2 −1/4 −8β2/3 Attractor −1,−9/4,−3/4,−7/4
F 0 1− 3/32β2 0 0 0 3/32β2 0 0 Saddle −1,−1,3/4,−3
G 0 0 0 1− 3/32β2 0 3/32β2 −1 −1 Attractor −1,−3,−4,−9/4
-2 0 2 4 6 8
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FIG. 2. This figure shows the evolution of the different
components of the energy density for the case c3 = 0 and
V (σ) = 0 i.e, for the evolution equations (54)-(56). Massive
gravity dominated era is an saddle point and an interme-
diate state. During evolution, the system exits from the
massive gravity era and enters into the matter dominated
phase which is an attractor. This figure is plotted for the
parameter choices α3 = 1, α4 = 1 and β = 3.
Table II displays the fixed points and their stability
analysis. It is clear from the table that in this case,
there are two attractors, one of them, (E), represents
the matter dominated phase whereas the second attrac-
tor (G) corresponds to de Sitter solution. Keeping in
mind the generic values of the coupling β ∼ 1, it fol-
lows from Table II that the de Sitter is contributed by
the galileon term (Ωgal ≃ 1 and Ωm = 0) whereas on
the other hand, in case of the attractor (D), Ωgal = 0
and Ωm ∼ 1. It should be emphasized that both the
attractors exist in the phase space simultaneously and
this becomes problematic. As a result, though we have
a de Sitter solution in this model but it can not be
approached during evolution. As universe exits the ra-
diation era and enters the matter dominated phase, it
never leaves it as the latter is an attractor of the dy-
namics. However, if we begin evolving the system very
close to de Sitter, we can have late time cosmic accel-
-2 0 2 4 6 8
-0.2
-0.1
0.0
0.1
0.2
0.3
Log10 H1+ zL
w
ef
f
FIG. 3. This figure shows the evolution of the effective equa-
tion of state (weff) for the case c3 = 0 and V (σ) = 0 i.e, for
the evolution equations (54)-(56). This figure clearly shows
that weff approaches −0.25 at late times which is matter
dominated era, an attractor of the system. Figure is plot-
ted for the parameter choices, α3 = 1, α4 = 1 and β = 3.
eration but it requires unnatural fine tunings. Fig. 4 is
the phase portrait of the dynamical system under con-
sideration. Fig. 4 confirms the results of Table II and it
clearly shows that since we have two attractor solutions,
the system will choose one of them depending upon the
initial conditions. It is also clear from the figure that
if we pick up initial conditions for which the system
chooses the attractor solution at point G then we can
not have matter and radiation dominated eras and the
system remains in the de Sitter phase forever. To have
the matter and radiation eras we need to choose initial
conditions appropriately so that the system chooses the
attractor (E) which is naturally reached during evolu-
tion. But in that case we cannot reach the de Sitter
solution which is screened out here by the matter phase.
It is clear that formally we can realize the de Sitter
solution at the cost of minimal completion of scalar field
by lower order galileon term L3. We did not invoke L4
which by itself can give rise to the de Sitter solution in
the standard framework [67, 68].
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FIG. 4. Phase portrait of the dynamical system (54)-(56)
and (57) for the parameter choices α3 = 1,α4 = 1 and β = 3.
Brown lines represent the trajectories which go towards the
de Sitter solution without following the thermal history of
the universe. Green lines represent the trajectories which
go towards the attractor point E through the matter and
radiation eras but can not reach the de Sitter solution.
3. Evolution for c3 = 0 and V (σ) 6= 0
Now let us explore the case with c3 = 0 and non zero
potential. This system is quite similar to the mass vary-
ing massive gravity model except that here we have a
non minimal coupling between the matter field and the
σ field in the Einstein frame (minimal coupling case is
studied in Refs. [33–35, 44]). In the previous section
we have observed that the non minimal coupling mod-
ifies the matter phase and does not naturally gives rise
to late time acceleration, it will be interesting here to
compare the minimal and non minimal cases.
To check for cosmological evolution, let us consider
an exponential potential V (σ) = V0e
−λσ/MPl . Also con-
sider the dimensionless variable y along with the di-
mensionless variables ξ, Ωmg and Ωr to form the au-
tonomous system. The evolution equation for y has the
form,
dy
d ln a
= y
(
λ
8β
F ′1
F2
− H˙
H2
)
, (59)
where H˙/H2 is given by Eq. (46) considering c3 = 0.
For this case the total energy density of the dark energy
is given by
ΩDE = Ωσ +Ωmg + y
2 . (60)
The Eq. (59) with Eqs. (54)–(56) forms the au-
tonomous system. Fixed points and their nature of sta-
bility are indicated in Table III. In this case we have
only one attractor which is a de Sitter solution. We
should note that like other cases the matter phase is
disturbed here also due to the effective pressure of the
matter. Now to have small values of Ωσ we have to
set the value of β at least such that β ∼ 1. This tells
us that weff ⋍ −1 implies that λ takes small numerical
values.
I
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FIG. 5. Phase portrait of the dynamical system (54)-(56)
and (59) for the parameter choices α3 = 1,α4 = 1, β = 3 and
λ = 0.001. Attractor solution is represented by the point
K which is a de Sitter solution and represents the potential
dominated era. It is clearly seen that the massive gravity
dominated era is an intermediate state which is represented
by the saddle point J . An important thing to notice is that
the matter phase, which is represented by the point I , unlike
the other two cases becomes a saddle point.
Fig. 5 shows the stability of critical points of the
autonomous system (54)–(56) and (59) which is con-
sistent with the results described in the Table III. In
Fig. 5 the points H , I, J and K are represented by the
points (Ωm,Ωmg, y) ≡ (0, 0, 0), (∼ 1, 0, 0), (0,∼ 1, 0)
and (0, 0,∼ 1) respectively. We can see that all trajec-
tories are going towards the attractor solution i.e, point
K. Fig. 5 and Table III show that the stability nature
of this system is similar to the mass-varying massive
gravity model without any conformal coupling.
Now let us compare these results with the minimal
coupling case. For the minimal coupling case the fixed
points and their nature of stability remains same but
what changes is the weff for the matter dominated era
and it changes to standard equation of state for matter.
Also the wDE approaches 0 during matter dominated
era. Contribution from massive gravity for all the cases
behaves like matter giving rise to conventional equation
of state for matter. So the coupling between matter and
the field σ actually removes the degeneracy between the
two fixed points representing the matter dominated era
and massive gravity dominated era.
As for the effect of the coupling on the evolution let
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TABLE III. The critical points of the autonomous system (54)-(56) and (59), their nature of stability, the eigenvalues of
the perturbation matrix are given here. The values of effective equation of state (weff) and dark energy equation of state
(wDE) are also given.
Cr.P. Ωr Ωmg ξ y Ωm Ωσ weff wDE Stability Eigenvalues
H 1− 3
32β2
0 0 0 0 3
32β2
1/3 1/3 Saddle -1,1, 7
4
,2− 3λ
8β
I 0 0 0 0 1− 3
32β2
3
32β2
−1/4 −8β2/3 Saddle for -1,− 3
4
,− 7
4
, 3(3β−λ)
8β
λ < 3β
J 0 1− 3
32β2
0 0 0 3
32β2
0 0 Saddle -1,-1, 3
4
, 3
8
(
4− λ
β
)
K 0 0 0 ±
(
1− 3
32β2
) 1
2
0 3
32β2
−1 + λ
4β
−1 + λ
4β
Attractor for -1,−4 + 3λ
4β
,−3 + 3λ
4β
,
λ < 3β forβ > 0 − 9
4
+ 3λ
4β
λ < 16β/3 forβ < 0
0.0 0.5 1.0 1.5 2.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
z
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H0
FIG. 6. Figure shows the evolution of the normalized Hub-
ble parameter. Observational data points for H/H0 cal-
culated from the available data of H(z) are shown as the
black dots with their 1σ error bars. Blue, red and green
lines represent the evolution of H/H0 in non minimally cou-
pled mass-varying massive gravity, minimally coupled mass-
varying massive gravity and ΛCDM models respectively. To
show the overlapping between the red and the green line we
have made the red line thicker than the green line. To plot
the blue and the green line we have chosen α3 = 1,α4 = 1,
β = 3 and λ = 0.001.
us check the evolution of Hubble parameter. In Fig. 6
we have compared the evolution of the Hubble param-
eter for non minimal coupling case with the minimal
coupling case and ΛCDM model. We have used the
available data for Hubble parameter H(z) [71–77] and
their 1σ error bars. From the data ofH(z), we have cal-
culated normalized Hubble parameter, i.e, H/H0 where
H0 is the present value of the Hubble parameter. We
have taken the value of H0 from PLANCK 2013 results
[70] and we have set H0 = 67.8 Km/Sec/Mpc. We
have also estimated the error in H/H0 from the given
data. During the evolution we have set the present
value of Ωm to 0.315 which is taken from the PLANCK
2013 results [70]. Fig. 6 shows that the evolution of the
normalized Hubble parameter in ΛCDM and minimally
coupled case are very similar and also consistent with
the available data. But the evolution of the Hubble pa-
rameter in the non minimally coupled case defers a lot
from the ΛCDM and minimally coupled case and is in-
consistent with the present data. The deviations of the
Hubble parameter changes the evolution of the matter,
radiation and dark energy density parameters.
In the three cases discussed above, the limit β → 0
is inconsistent which is obvious because in this limit
we recover the original dRGT nonlinear massive grav-
ity which cannot give rise to the flat FLRW solution.
The model under consideration can give rise to the flat
FLRW cosmology with non minimal coupling only. To
make the theory consistent with the β → 0 limit we may
consider a potential term of the σ field in the massive
gravity part.
III. NON-MINIMAL COUPLING IN
QUASI-DILATON NONLINEAR MASSIVE
GRAVITY
In the models discussed in the preceding section, one
needs a potential term to have a de Sitter solution ir-
respective of the conformal coupling term. Though the
addition of the cubic galileon term gives a de Sitter so-
lution without potential it is screened by the massive
gravity dominated era which is also an attractor solu-
tion. So in any case massive gravity term in the varying
mass nonlinear massive gravity does not give rise to a
viable de Sitter solution. But in quasi-dilaton nonlinear
massive gravity we get self acceleration from the mas-
sive gravity part [36, 37] without adding any potential
term or a galileon. Now let us consider non-minimal
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coupling in quasi-dilaton nonlinear massive gravity [36]
and consider the following action in the Einstein frame
SE =
∫
d4x
√−g
[
M2Pl
2
R− ω
2
gµν∂µσ∂νσ
− m
2M2Pl
8
(
4U2(k¯) + α3U3(k¯) + α4U4(k¯)
) ]
+
∫
d4x
√−gLm(A2gµν , ψ) , (61)
where
k¯
µ
ν = δ
µ
ν − e(βq+β)σ/MPl
√
gµα∂αφa∂νφbηab , (62)
with βq = 1 for the the quasi-dilaton nonlinear massive
gravity described in [36]. Though for minimally coupled
case (β = 0), we can absorb β within the σ field by
redefining the field leaving the model unchanged.
The action (61) can be motivated from the Jordan
frame action
SJ = M
2
Pl
2
∫
d4x
√
−g˜[
e2βσ/MPl
(
R˜+
(6β2 − ω)
M2Pl
g˜µν∂µσ∂νσ
)
−m
2
4
e4βσ/MPl (4U2(k) + α3U3(k) + α4U4(k))
]
+
√
−g˜Lm(g˜µν , ψ) , (63)
where
k
µ
ν = δ
µ
ν − eβqσ/MPl
√
gµα∂αφa∂νφbηab . (64)
A. Lagrangian in the decoupling limit
The action (61) is same as the quasi-dilaton nonlin-
ear massive gravity except we have a coupling between
the σ field with the matter field which will modify the
continuity equation of matter. But even in the presence
of the conformal coupling the decoupling limit (11) La-
grangian is same as the original model [36]. As for the
local physics, we can have a contribution from the con-
formal coupling which comes from the matter conserva-
tion equation. But similar to the varying mass nonlin-
ear massive gravity, the contribution from the confor-
mal factor contains a factor like β/MPl which makes the
contribution vanishing in the decoupling limit. Thus
the action (61) preserves the local physics through the
Vainshtein mechanism.
B. Cosmology
By redefining the σ field as σ → σ/(βq + β) in the
FLRW background (29) the action (61) becomes
SE = 3M2Pl
∫
dt
[
−aa˙
2
N
+
ω0
6M2Pl
a3σ˙2
N
+m2a3
(
NG1(ζ)− f˙aG2(ζ)
)]
+ Sm + Sr , (65)
where for the Stu¨ckelberg scalars we consider the ansatz
φ0 = f(t) , φi = xi , (66)
and we have defined
G1(ζ) = (1 − ζ)
[
2− ζ + α3
4
(1 − ζ)(4 − ζ)
+ α4(1 − ζ)2
]
, (67)
G2(ζ) = ζ(1 − ζ)
[
1 +
3
4
α3(1 − ζ) + α4(1− ζ)2
]
,
(68)
ω0 =
ω
(βq + β)2
, (69)
where ζ is defined as
ζ =
eσ/MPl
a
. (70)
In action (65) Sm and Sr represent the matter and ra-
diation actions respectively. We should keep in mind
that in the Einstein frame matter is coupled with the σ
field and this will modify the conservation equation of
the matter.
Variation the action (61) with respect to f gives the
constraint equation (as an essential feature of any model
of non-linear massive gravity)
G2(ζ) =
C
a4
, (71)
where C is a constant of integration.
Varying the action (61) with respect to N(t) and set-
ting N(t) = 1 at the end we get the Friedmann equation
[37]
3M2PlH
2 =
ρm + ρr − 3m2M2PlG1
1− ω06
(
1− 4 G2ζG′
2
)2 , (72)
where ρm and ρr are the matter and radiation energy
density respectively. The primes in G’s denote deriva-
tives with respect to their argument ζ.
Similarly, variation with respect to σ gives the dilaton
evolution equation
ω0
a3
d
dt
(a3σ˙)−3MPlm2ζ
(
G′1(ζ) − af˙G′2(ζ)
)
= − β0
MPl
ρm ,
(73)
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TABLE IV. The real and physically meaningful critical points of the autonomous system (81)-(83), their existence conditions,
the eigenvalues of the perturbation matrix, and the deduced stability conditions. We also present the corresponding values
of the various density parameters, and the values of the observables: deceleration parameter q, total equation-of-state
parameter weff and dark energy equation-of-state parameter wDE.
Cr.P. Ωr ΩΛ ζ Ωm Ωσ q weff wDE Existence Stability Eigenvalues
conditions
P1 1− 3ω0/2 0 0 0 3ω0/2 1 1/3 1/3 0 ≤ ω0 ≤ 2/3 Saddle point −4, 4, 1− 3β0
for all β0
P2 0 0 0 1− 3ω0/2 3ω0/2 (1 + 3β0)/2 β0 2β0/3ω0 0 ≤ ω0 ≤ 2/3 Saddle point −4, 3 + 3β0,
for β0 > −1 −1 + 3β0
P3 0 1− 3ω0/2 0 0 3ω0/2 -1 -1 -1 0 ≤ ω0 ≤ 2/3 Attractor −4, −4,
for β0 > −1 −3(1 + β0)
P4± 1− ω0/6 0 ζ± 0 ω0/6 1 1/3 1/3 0 ≤ ω0 ≤ 6, Saddle point −4,4,1 + β0
0 ≤ ζ± for all β0
P5± 0 0 ζ± 1− ω0/6 ω0/6 (1− β0)/2 −β0/3 −2β0/ω0 0 ≤ ω0 ≤ 6, Saddle point −4,−1− β0,
0 ≤ ζ± for β0 < 3 3− β0
P6± 0 1− ω0/6 ζ± 0 ω0/6 -1 -1 -1 0 ≤ ω0 ≤ 6, Attractor −4,−4,−3 + β0
0 ≤ ζ± for β0 < 3
P7 0 0 1 1− ω0/6 ω0/6 (1− β0)/2 −β0/3 −2β0/ω0 0 ≤ ω0 ≤ 6 Attractor −4, −1− β0,
for β0 > −1 −1− β0
P8 Ωr 1− ω0/6 1 0 ω0/6 1 1/3 1/3 0 ≤ ω0 ≤ 6 Saddle −4,1 + β0,0
-Ωr for β0 > −1
where
β0 =
β
βq + β
. (74)
Continuity equations for matter and radiation are same
as Eqs. (43) and (44), respectively. Now using Eq. (71)
we can get an effective pressure for the matter phase
which is given by
pm(eff) = −
β0
3
(
1− 4G2
ζG′2
)
. (75)
Here we can also have an effective pressure for the mat-
ter phase which is the contribution from the conformal
coupling. Now let us study how this effective pressure
affects the cosmology of the model. And to study this
we need to form an autonomous system. Let us first
introduce the density parameters
Ωm =
ρm
3M2PlH
2
, (76)
Ωr =
ρr
3M2PlH
2
, (77)
ΩΛ = −m
2
H2
G1 , (78)
Ωσ =
ω0
6
(
1− 4 G2
ζG′2
)2
, (79)
with which we can rewrite the Friedmann equation (72)
as
Ωm +Ωr +ΩΛ +Ωσ = 1 . (80)
We can now transform the above cosmological system
into its autonomous form, using only the dimensionless
variables Ωr, ΩΛ and ξ, while (80) will be used to elim-
inate Ωm. Doing so we obtain
dΩr
d lna
= −2Ωr
(
2 +
H˙
H2
)
, (81)
dΩΛ
d lna
= −2ΩΛ
(
2
G2G
′
1
G1G′2
+
H˙
H2
)
, (82)
dξ
d lna
= −4G2
G′2
, (83)
where the combination H˙H2 can be acquired differenti-
ating the Friedmann equation (72) as
H˙
H2
=
1
6− ω0
(
1− 4 G2ζG′
2
)2
×
{
−9Ωm
[
1− β0
3
(
1− 4G2
ζG′2
)]
− 12Ωr
−12G2
G′2
[
G′1
G1
ΩΛ +
ω0
6
d
dζ
(
1− 4 G2
ζG′2
)2]}
. (84)
The effective equation of state parameter weff , the
deceleration parameter q and the dark energy equation
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de Sitter era
Matter era
Radiation era
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E
FIG. 7. Phase portrait for the autonomous system (81)-
(83). Different trajectories correspond to different initial
conditions. Red lines correspond to the initial conditions for
which we get late time acceleration e.g, points correspond to
ζ = 0 or ζ = ζ±. Purple lines correspond to the trajectories
for which ζ ≈ 1 and gives matter dominated phase as the
late time solution. To plot the trajectories, we have chosen
α3 = 1, α4 = 1, ω0 = 0.01, β0 = 0.01.
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FIG. 8. Cosmological evolution of different density param-
eters are shown here for the parameter choices α3 = 1,
α4 = −4, ω0 = 0.01, β0 = 0.01. This figure shows that late
time is dark energy dominated for the cosmological evolu-
tion of the autonomous system (81)-(83).
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FIG. 9. Cosmological evolution of weff and wDE are shown
here for the parameter choices α3 = 1, α4 = −4, ω0 = 0.01,
β0 = 0.01. This figure shows that the model under consid-
eration gives late time acceleration as an attractor solution.
Figure correspond evolution described by the autonomous
system (81)-(83).
of state parameter wDE are defined as
weff=−1− 2
3
H˙
H2
, (85)
q=−1− H˙
H2
=
1
2
+
3
2
weff , (86)
wDE=
weff − wrΩr
ΩΛ +Ωσ
, (87)
where the combination H˙/H2 is given by Eq. (84) and
wr = 1/3.
The critical points of the above autonomous system
are extracted setting the left hand sides of equations
(81)–(83) to zero. In particular, equation (83) implies
that at the critical points G2(ζ) = 0, which according
to (68) gives ζ = 0, ζ = 1 and
ζ± = 1 +
3α3 ±
√
9α23 − 64α4
8α4
. (88)
To be physical, the critical points have to possess 0 ≤
Ωr ≤ 1, 0 ≤ ΩΛ + Ωσ ≤ 1, 0 ≤ ζ and of course ζ ∈ R.
Now, in order for ζ± ∈ R, we require 9α23 − 64α4 ≥ 0
while 0 ≤ ζ leads to the necessary conditions for α’s
using Eq. (88). All the fixed points and their nature
of stability along with the values of effective equation
of state (weff) and dark energy equation of state (wDE)
are given in Table IV. Fig. 7 shows the trajectories on
the Ωm–ΩDE plane. For ζ = 1 the matter phase is an
attractor point which is represented in the Fig. 7 by
the purple lines. But for ζ = 0 or ζ = ζ± we have
late time acceleration as the attractor solution and it is
represented in the Fig. 7 by the red lines.
To have viable thermal history of the universe we
need to have ΩDE ≤ 0.01 during the radiation domi-
nated era which gives a constraint on the value of ω0
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(ω0 ≤ 0.02/3) for ζ = 0 and ω0 ≤ 0.06 for the point
ζ = ζ±. Though this is a rough estimation on the
constraint on ω0. We can have full constraint on ω0
by using the cosmological data sets. We also see from
Table IV that the conditions for stability of the fixed
points and the values of the dimensionless variables do
not depend on α’s. But to have ΩΛ > 0 for the points
P3 and P6± we can have 2 + α3 + α4 < 0 for the point
P3, α3 > 0 and 0 < α4 < α
2
3/8 for the point P6+ and
α3 < 0 and 0 < α4 < α
2
3/8 for the point P6−. These
conditions are needed to have viable evolution of the
cosmological parameters. But since the stability does
not imply explicit dependence on α’s, we can not have
constraints on α’s from the the observational data sets
[37] because maintaining the conditions on α’s if we
change their values, cosmology does not change appre-
ciably. Fig. 8 depicts that the model under considera-
tion gives proper cosmological sequences starting from
the radiation dominated era to the late time cosmic
acceleration maintaining the proper matter dominated
era. Cosmological evolution of the effective equation
of state (weff) and dark energy equation of state (wDE)
are shown in Fig. 9 which clearly shows that the present
era is dark energy dominated.
It is clear from Table IV that due to the presence of
conformal coupling, we have a different evolution of the
dark energy equation of state (wDE) than the one in
the minimally coupled quasi-dilaton nonlinear massive
gravity [24, 37]. For the case under consideration, wDE
has a non zero value for β0 6= 0 during matter domi-
nated era (see Fig. 9). This figure is plotted such that
we can reach the attractor point P3 during the late time.
Table IV also tells that for point P3, β0/ω0 ∼ 1, during
matter era (wDE ∼ 2/3) which is confirmed numeri-
cally (see Fig. 9). In minimally coupled case, the value
of wDE during the matter era is zero [37] which can be
checked from the Table IV by putting β0 = 0. Hence
looking at the evolution of wDE, we can differentiate
between the minimally coupled and non-minimally cou-
pled quasi-dilaton nonlinear massive gravity. It is really
interesting to note (see Table IV) that in case of the
attractor represented by P6±, the parameter wDE can
reach super negative values before reaching de Sitter
during evolution depending upon the values of β0 and
ω0. We also emphasize that the current data allows
phantom acceleration which is realized in our model as
a transient phenomenon− a phantom phase without a
phantom field. The non-minimal coupling is responsible
for the transient phantom behavior, see Fig. 10.
C. Observational Constraints
We now get to the investigations on constraints we
can have on the model parameters from the observa-
tional data sets. The model under consideration has
Β0 =0.001
Β0 =0.007
Β0 =0.01
0 2 4 6
-2.0
-1.5
-1.0
-0.5
0.0
Log10H1+ z L
w
DE
FIG. 10. Cosmological evolution of wDE for the point P6+are
shown here for the parameter choices α3 = 1, α4 = 0.115,
ω0 = 0.01 and for β = 0.01, 0.007 and 0.001. This fig-
ure shows that phantom phase can be achieved during the
intermediate state of cosmological evolution if the universe
chooses such initial conditions for which it reaches the point
P6±. This picture is drawn by evolving the autonomous sys-
tem (81)-(83).
the parameters α3, α4, β0, ω0, m, Ωm0, C and H0. To
obtain the observational constraints on the model pa-
rameters we have used the observational data sets of
Type Ia Supernovae (SNIa) [81], Baryon Acoustic Os-
cillations (BAO) [83–86], and CMB shift parameter [79]
and Hubble parameter data [71–77].
Since we have many parameters we fix some them
from the stability conditions. It is clear from Table IV
that the fixed points and their conditions for stability
do not depend on α3 and α4. Thus the cosmology does
not depend on the α’s and consequently we can not get
any constraint on α’s. But we can have some conditions
on α’s from the consideration that at the fixed point
ΩΛ > 0. From these conditions we can fix some values
for α3 and α4. One should note that maintaining the
conditions on α’s if one change their values then the
cosmology does not change and that is why we can not
have any constraint on the α’s [37]. So we fix α3 = 1
and α4 = 0.115 which respect the conditions on α’s
for the point P6+. We also fix the present value of the
Hubble parameter H0 from the Planck 2013 result [70].
Since the autonomous system and the fixed points do
not depend on the value of C, we can not also derive
any constraint on it. Also the numerical evolution of
the autonomous system does not depend on graviton
mass m but we can have an estimation of the value
of m from the evolution of the Hubble parameter for
the best fit values of the other model parameters. So
finally we are left with three model parameters β0, ω0
and Ωm0.
Total χ2 is defined in Eq. (A.1). Along with the total
χ2 which incorporates the recent Planck result, we have
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FIG. 11. The 1σ and 2σ likelihood contours in the β0−Ωm0
plane are shown here for the parameter choices α3 = 1,
α4 = 0.115. Gray and Cyan colors are representing the 1σ
and 2σ contours respectively.
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FIG. 12. The 1σ and 2σ likelihood contours in the ω0−Ωm0
plane are shown here for the parameter choices α3 = 1,
α4 = 0.115. Gray and Cyan colors are representing the 1σ
and 2σ contours respectively.
also used the estimation on the present value of matter
density parameter (Ωm0) as a prior information where
mean value of Ωm0 lies at 0.315. We have taken the
maximum uncertainty of Ωm0 measurement in Planck
results which is 0.018. The detailed procedure of data
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0
FIG. 13. The 1σ and 2σ likelihood contours in the β0 − ω0
plane are shown here for the parameter choices α3 = 1,
α4 = 0.115. Gray and Cyan colors are representing the 1σ
and 2σ contours respectively.
analysis is given in Appendix. We have varied the pa-
rameter β0 from −0.2 to 0.1, parameter ω0 from −2.5
to 1 and Ωm0 from 0.24 to 0.36. Minimizing the to-
tal χ2, we get the best fit values for the parameters.
For this model best fit values of the considered model
parameters are β0 ≈ −0.04, ω0 ≈ −0.5 and Ωm0 ≈ 0.3.
Fig. 11 shows the 1σ and 2σ contours on β0 − Ωm0
plane after marginalizing on the parameter ω0. Simi-
larly Figs. 12 and 13 show the 1σ and 2σ contours on
ω0−Ωm0 and β0−ω0 planes respectively after marginal-
izing on β0 and Ωm0 respectively. Fig. 11 shows that
very small value of β0 is allowed. Fig. 12 shows the
consistency with the results depicted in Table IV which
tells us that very small positive value of ω0 is allowed
to have viable thermal history of the universe. This
figure also tells us that negative values of ω0 can also
give viable cosmology corresponding to phantom phase
in the evolution of the dark energy component.
Next from Eq. (74), we observe that if we put the con-
formal coupling constant β = 0 then β0 also becomes
zero and the theory reduces to the original quasi-dilaton
nonlinear massive gravity [36]. But observationally we
found that though β0 = 0 is allowed within the 1σ
confidence level we also have some non zero values of
β0 allowed within the 1σ confidence level; the best fit
value of β0 is non zero. Given the present data. How-
ever, given the present data, we can not claim which
one of them, minimal/non minimal coupling is more fa-
vored. We find that generally small numerical values
of non minimal coupling in the quasi-dilaton nonlinear
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massive gravity are favored.
IV. CONCLUSIONS
In this paper, we have investigated the effect of non-
minimal coupling in (extended) massive gravity theo-
ries. As our first example, we have studied the case of
mass varying nonlinear massive gravity in Brans-Dicke
framework. In this scenario, the conformal coupling is
responsible for making the graviton mass varying. Gen-
eral theory of relativity is restored by Vainshtein screen-
ing in this case such that conformal coupling does not
affect the local physics.
Our analysis shows that if we do not complement the
σ Lagrangian by potential or by a non linear galileon
Lagrangian, the conformal coupling alone can not give
rise to de Sitter solution. It gives rise to an effective
pressure of matter such that the matter dominated era
is a late time attractor. And as a result we do not have
the required equation of state at late times.
We next invoke cubic galileon Lagrangian and poten-
tial for the σ field. Adding cubic galileon alone leads to
a de Sitter solution as an attractor of the dynamics but
simultaneously we also have matter dominated era as
an attractor solution. We have bi-stability in this case
and while following the thermal history of the universe,
we can not reach the de Sitter phase because the latter
is blocked by the matter era. Only by invoking un-
natural fine tunings, we can realize the de Sitter phase
which is not desirable. However, replacing the galileon
term by a potential of the σ field, it is possible to ob-
tain a stable de Sitter solution. It is interesting that
the potential term turns the matter phase into a saddle
point under certain conditions. Though this scenario
can give us a right sequence of different cosmological
eras, we can not get rid of the problem of having a con-
stant non zero equation of state for the matter phase.
Evolution of the normalized Hubble parameter in this
model is compared to that of the minimal case and the
ΛCDM using the available data and it is found that the
evolution of the Hubble parameter in this model does
not fit with data while the case of minimal coupling is
consistent with observations. Thus the conformal cou-
pling appreciably changes the evolution of the Hubble
parameter.
Next we studied the effect of conformal coupling for
quasi-dilaton nonlinear massive gravity. In this case we
have considered an extra coupling βq which makes the
model consistent in the limit β → 0. We have per-
formed detailed dynamical analysis for this model. In
this setting, we find a de Sitter solution as a late time
attractor. We have shown that model under considera-
tion gives rise to viable cosmology. From the dynamical
analysis, it is found that the fixed points and their con-
ditions for stability do not depend upon the numerical
values of the parameters, α3 and α4 thereby cosmology
is not sensitive to these parameters. Also we do not find
any dependency of cosmological dynamics on the gravi-
ton mass m and parameter C as these two parameters
do not appear in the dynamical system explicitly.
We have also analyzed the observational constraints
on the model parameters β, ω and Ωmo. It is found
that both the parameters β and ω are preferred to have
small numerical values both positive and negative al-
lowed within the 2σ confidence level.
Our investigations reveal that not any mass-varying
non linear massive gravity scheme can give rise to a
viable cosmology at the background level. The quasi-
dilaton model turns out to be very generic in the list
of such models. And our analysis shows that the non
minimal coupling in the quasi-dilaton nonlinear mas-
sive gravity can give rise to viable cosmology. From
the observational data analysis it is found that small
value of the conformal coupling is favored. It is remark-
able that the introduction of non-minimal coupling in
quasi-dilaton model can give rise to a transient phantom
phase allowed by the recent data with certain preference
[70]. This is a generic feature of the scenario that allows
to realize phantom behavior without a phantom field.
Future observations might distinguish the quasi-dilaton
model from its counter part with non minimal coupling
considered in this paper.
Last but not least, It will be important to investi-
gate whether the non-minimal coupling alone (without
the extra terms introduced in [40] which do not disturb
background) can ensure the stability of the background.
If it does not, it will be important to incorporate the
extra terms along with non minimal coupling and inves-
tigate the phantom behavior and stability issues. We
defer this work for our future investigations.
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TABLE V. Values of dA(z⋆)
DV (ZBAO)
for different values of zBAO .
zBAO 0.106 0.2 0.35 0.44 0.6 0.73
dA(z⋆)
DV (ZBAO)
30.95 ± 1.46 17.55 ± 0.60 10.11 ± 0.37 8.44 ± 0.67 6.69 ± 0.33 5.45 ± 0.31
TABLE VI. Hubble parameter versus redshift data [78].
z H(z) σH Reference
(km/s/Mpc) (km/s/Mpc)
0.070 69 19.6 [74]
0.100 69 12 [71]
0.120 68.6 26.2 [74]
0.170 83 8 [71]
0.179 75 4 [73]
0.199 75 5 [73]
0.200 72.9 29.6 [74]
0.270 77 14 [71]
0.280 88.8 36.6 [74]
0.350 76.3 5.6 [77]
0.352 83 14 [73]
0.400 95 17 [71]
0.440 82.6 7.8 [75]
0.480 97 62 [72]
0.593 104 13 [73]
0.600 87.9 6.1 [75]
0.680 92 8 [73]
0.730 97.3 7.0 [75]
0.781 105 12 [73]
0.875 125 17 [73]
0.880 90 40 [72]
0.900 117 23 [71]
1.037 154 20 [73]
1.300 168 17 [71]
1.430 177 18 [71]
1.530 140 14 [71]
1.750 202 40 [71]
2.300 224 8 [76]
Appendix: Observational Data Analysis
Here we briefly review the sources of observational
constraints used in this manuscript, namely Type Ia
Supernovae constraints, BAO, CMB and data of Hub-
ble parameter. The total χ2 defined as
χ2tot = χ
2
SN + χ
2
Hub + χ
2
BAO + χ
2
CMB , (A.1)
where the individual χ2i for every data set is calculated
as follows.
a. χ2 for Type Ia Supernovae
In order to incorporate Type Ia constraints we use the
Union2.1 data compilation [81] of 580 data points. The
relevant observable is the distance modulus µ which
is defined as µ = m − M = 5 logDL + µ0, where
m and M are the apparent and absolute magnitudes
of the Supernovae, DL(z) is the luminosity distance
DL(z) = (1 + z)
∫ z
0
H0dz
′
H(z′) and µ0 = 5 log
(
H−1
0
Mpc
)
+ 25 is
a nuisance parameter that should be marginalized. The
corresponding χ2 writes as
χ2SN(µ0, θ) =
580∑
i=1
[µth(zi, µ0, θ)− µobs(zi)]2
σµ(zi)2
, (A.2)
where µobs denotes the observed distance modulus while
µth the theoretical one, and σµ is the uncertainty in the
distance modulus. Additionally, θ denotes any parame-
ter of the specific model at hand. Finally, marginalizing
µ0 following [82] we obtain
χ2SN(θ) = A(θ) −
B(θ)2
C(θ)
, (A.3)
with
A(θ) =
580∑
i=1
[µth(zi, µ0 = 0, θ)− µobs(zi)]2
σµ(zi)2
, (A.4)
B(θ) =
580∑
i=1
µth(zi, µ0 = 0, θ)− µobs(zi)
σµ(zi)2
, (A.5)
C(θ) =
580∑
i=1
1
σµ(zi)2
. (A.6)
d. χ2 for Hubble data
Along with the present value of the Hubble parameter
we have 29 data points of Hubble parameter given in
Table VI. To use the data of Hubble parameter we have
used the normalized Hubble parameter defined as, h =
H/H0. We fix the value of H0 from [70]. Error in
normalized Hubble parameter is given by,
σh =
(
σH
H
+
σH0
H0
)
h , (A.7)
where σH is the error in Hubble parameter and σH0 is
the error in present value of the Hubble parameter.
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The χ2 for the normalized Hubble parameter data is
given by,
χ2Hub(µ0, θ) =
29∑
i=1
[hth(zi, θ)− hobs(zi)]2
σH(zi)2
, (A.8)
where hth and hobs are the theoretical and observed
values of the normalized Hubble parameter.
b. χ2 for Baryon Acoustic Oscillation (BAO)
We use BAO data from [83–86], that is of dA(z⋆)DV (ZBAO) ,
where z⋆ is the decoupling time given by z⋆ ≈ 1091, the
co-moving angular-diameter distance dA(z) =
∫ z
0
dz′
H(z′)
and DV (z) =
(
dA(z)
2 z
H(z)
) 1
3
is the dilation scale [87].
th required data are depicted in Table V.
In order to calculate χ2BAO for BAO data we follow
the procedure described in Ref. [88], where it is defined
as,
χ2BAO = X
T
BAOC
−1
BAOXBAO , (A.9)
with
XBAO =


dA(z⋆)
DV (0.106)
− 30.95
dA(z⋆)
DV (0.2)
− 17.55
dA(z⋆)
DV (0.35)
− 10.11
dA(z⋆)
DV (0.44)
− 8.44
dA(z⋆)
DV (0.6)
− 6.69
dA(z⋆)
DV (0.73)
− 5.45


, (A.10)
and the inverse covariance matrix reads as
C−1 =


0.48435 −0.101383 −0.164945 −0.0305703 −0.097874 −0.106738
−0.101383 3.2882 −2.45497 −0.0787898 −0.252254 −0.2751
−0.164945 −2.45499 9.55916 −0.128187 −0.410404 −0.447574
−0.0305703 −0.0787898 −0.128187 2.78728 −2.75632 1.16437
−0.097874 −0.252254 −0.410404 −2.75632 14.9245 −7.32441
−0.106738 −0.2751 −0.447574 1.16437 −7.32441 14.5022

 . (A.11)
c. χ2 for CMB shift parameter We use the CMB shift parameter
R = H0
√
Ωm0
∫ 1089
0
dz′
H(z′)
, (A.12)
following [79]. The corresponding χ2CMB is defined as,
χ2CMB(θ) =
(R(θ)−R0)2
σ2
, (A.13)
with R0 = 1.725± 0.018 and R(θ) [79].
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